
Expansions Involving Hypergeometric 
Functions of Two Variables 

By Arun Verma 

1. Introduction. A systematic study of expansions of Appell's hypergeometric 
functions of two variables has been made by Burchnall and Chaundy [3]-[5] in 
1942. Recently, Ragab [11], obtained two expansions of Kampe de F6riet's double 
hypergeometric functions which besides incorporating some of the expansions of 
Burchnall and Chaundy [3], [4], gave some new expansions also. 

In ?2 of this paper a systematic attempt has been made to extend the expansions 
concerning Appell functions to the Kampe de F6riet's double hypergeometric func- 
tions by using the two symbolic operators of Burchnall and Chaundy. In ?4 using 
the method of iteration of series some of the expansions due to Chaundy [5], [6], 
Niblett [10], Wimp and Luke [8] have been extended to the Kamp6 de Feriet's 
function. The paper is concluded by showing how the induction by using the Laplace 
transform and its inverse can be employed to extend these results to G-functions 
of two variables defined recently by Agarwal [1]*. It may be pointed out that these 
expansions are very general in nature and incorporate a very large number of ex- 
pansions for the functions of two variables. 

2. Kamp6 de Feriett [2] introduced the double hypergeometric functions of 
higher order (i.e. with more parameters) in two variables, namely: 

(1) F (13v); (13' ) x 
| E [(am)]rm+n[(3v)]m[(v)tAn 

X XY 

L a (ac') Y - m=O n=0 [1], [1]n [(-Yp)]m+n [(&r)lm [(bo')]n 

provided A + v < p + ? + 1 or ju + v p + a + 1 and I x I + y I < 
min (1,2P 2-+l). 

Here (aA) means A parameters of the type as, a2, ... , aA and 

[aln =a[a + 1][a + 2] ... [a + n -1]; [alo =1. 

For special values of ,u, v, pa the function (1) reduces to the Appell's four 
double hypergeometric functions. Following Burchnall and Chaundy [3], [4], we 
define the operators A(h) and V(h) as 

A (h) = r [h '+h]' V(h) = r [a '++a Y ; 

where 8- xO/ox, 8' =-yO/y. 
Now it can be seen without difficulty 

Received February 21, 1966. 
* I am indebted to Dr. R. P. Agarwal for letting me read his unpublished manuscript [1]. 
t For definition and properties of these functions, see [2]. 
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A (a.) Fu + (a), a 
(2) V(a)F K (; (+1) Y L P (P)a 2 Y P (,Yp) y ~~~~~~p (~,Y) I 

L (&a); (68 ') La + 1 (&), a; (ac ), a 
,i (a.) ] [A (a.) 

K (&); (&o') i + 1 ();( a) 

y (-p) 1 p +_ (-yp), a ( 
(4) V(a)A(c)F [ 

p (F3v); (/3; ) Y F + 1 (aM), a LP a (- G') + ('yp), c (&) a0 (3a); (tiv ) a + 1(6,) ,a; (a) 

Then following the method of Burchnall and Chaundy and using the following 
identities 

(5) r' [ 
m 

h 
n 

+h] 
; 

W~b 
r m + h, n + h;] r=0E [1]] [h] ] 

(Gauss's theorem) 
[m + h,n + h;J _ [-]r [-n]r 
Lh, n + n + hJ r=o [1]r [-h-m-n + 1]r 

(Gauss's theorem with either m or n a positive integer) 

) [_]r[h]2r [-m]r [-n]r 

r=o [1]r [h + r - 1]r [n + h]r [n + h]r 

(limiting form of Dougall's theorem) 

r, m + n + h, m + k? n + k; 
[ i+h? n + h, km + n + k 

[k -h]r [k]2r [-M]r F-l]r 
r-o [1]r [k + r- 1]r [m + k]r [n + k]r [h]r 

(limiting form of Dougall's theorem) 
[h -kr [-Mlr [-n]r (9) 

n+j - r=0 [1]r[hJr[k - m- n? 1]r 

(Saalschuitz's theorem with either m or n a positive integer) 
we get the following five general expansions 

ry(a.) 

( 10 ) F 
[ E 

(i3; ) x 1 - [(aAs)]2r 
[(13Y)]r 

[a]r R(v )r ry, 
P (- P) Y r=O [1]r [(Yp)]2r [a]2r [(&^)]r [(X')]r 

La (&); (' ) j 
_ (a,,) + 2r 1 

v+ a a+r,( + ) +r;a+rG3(0,) +r I 
a + 2r, (iyp) + 2r yj 

_ a (3,) + r;( )+jr 
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00 
[OIl (11) =E [- (y]r(~)r[v)rXryr 

r=O [1]r [('Yp)]2r [(&ff)]r [(MSa)]r [a]r 

[1?+ (a) + 2r,a + r 

X F v A^ + r; (')+ r |x 
P (-yp)+2r . 
+ a (&T) + r, a +;(') + r, a + r 

(12) - , [c - air [(ap)]2r _(v)]r _(3v')r [ar r r 
r=O [1]r [C + r - 1]r [('Yp)]2r [a]2r [(&cr)]r [(u')]r 

E + I1 (a,,) + 2r, c + 2r 
F v + 1 (i3) + r, a + r; (G3') + r, a + r xI 

IP + I (Xp) + 2r, a + 2r Y 
La + I () + r, c + 2r; (6a') + r, c + 2r 

(13) = ()[()]2r [(fl)ir [(vl)iA r r 

r=O [lur [a + r - hjr [(Yp)]2r [(&a)]r [(bo')]r 

Ay + 1 (amX) + 2r, a + r 

XF P (,)+r +r2r(;(+ + +r 1x 
a- + 11 %b) + r, a + 2r; (2a)+ r, a + 2r 

__ ( )[a - c]r [(a,,)]2r [(1Iv)]r [(3v')]r [a]r r r 

(14) -r=O [1]r [('Yp)]2r [a]2r [(Bo')]r [(Bo')]r 

[A+1 (aM) + 2r, c + r 

X F v + 1 ra+r;( ) + r, a + r x 
p + 1 (Qyp) + 2r, a + 2r y 

L + 1 (6,r) + r, c + r; (6ff') + , c + J 
It may be pointed out that the Eq. (10) on specialization of parameters gives 

Eqs. (26), (29), (32), (35), (36), (38), (41) and our (11) gives (27), (33), 
(37), (39); (12) gives (30) and (42); (13) gives Equations (28), (34) and (40); 
(14) gives Eqs. (31) and (41) of Burchnall and Chaundy [3]. The above expansions 
(12) and (13) were deduced by Ragab [11] by the iteration of series. 

3. In this section, we first state and then prove some more general expansions 
A + G (aA), (gG) 

F B + H (bB), (hH); (bs') (hH') Xx o (cc) A 
D + E (dD), (eE); (dD'), (eB') 

/ 
00 

[(fF)]m+n [(9G)]m+n [(hH) )]m[(hHi )]n [h + atm- m + 1]m-l 

(15) hh n0=0 [l1m [1]n [(CC)]m+n [(dD)]m, [(dD/)]n 

X [h' + O~n -n + 1 In-1 

A (aA ) 
X F B + 2 (bg) 1+ h/a, -m; (bB'), 1+ h'/1,,-n X [F (fF) 

E + 2 (eR), h + am-m + 1, h/oa; (e'), h' + On-n + 1, h/1 
UF+G (fF) + m + n, (YG) + m + n 

X (-X)(-y)F |2 +C H (hH) + my h + am; (hH')+ n, h' + On x 
D (Cc) + m + n 

(dWD) + m; (dD') + n 
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A (aA) 

F B (bB); (bs ) Xx 
C (cc) AY 

LD (dD); (dD') J 
00 00 - )r+S[()] [(f38)t] [(,Bv)] 

r=0 s=0 [l~r [11.s [(-Yp)]r+s [(ba)]r Rb(/5)]s 

FA + p (aA), (Qy) 
] 

(16) XsF| B + o- + 1 (bB), (So.) r; (bB'), 
(&T') X 

S xj 

-D + v (dD) (f); (dD') ( )] 

Qy (a)+r+S y XFIV(a,,) + r + S XI 

K (6,) + r; (68'I) +s j 

A (aA) 
F B (bB); (bB') Xx Fc (CC) AY 

LD (dD); (dD) 
00 00 

Ir )T?SV)], [ 

=~ ~ ) Xi !)]ri [(13v)]r [(*Bv ')]sI f,~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ E lr lr/-l-[ + r + s - lr+ XV 

r==O s=0 [l]r lis [('Yp)]r+s [R()]r RV) c]y 

F + A + P c + r + s- 1, (aA), (YP) 

(17) X F |1 + B + o -r, (b), (5,); -s, (bB'), (&l) xl 
(17) XE ~~~C+ 

A (cc), (a,) 
LD + v (dD), (#3); (dD') (V') 

[A (a,) + r + s 

X F 8 (0) + r; (#,8) + s x2 
P+ 1 c +2r +2s, (p) +r+s Y . 

_ 
, 

a + r; (5., ) + s 

P (AV) 

F q (Bq); (Bq') )x E + l)(eE) (dD) AY 
_u + F (c.), (fF); (cU ), (fF') 

E E (-)r+s[(aw)Ir [(bv)] 

r=O s=O0 [l]r [1]s [C + r - l]r 

[c' + s - 1]s [(eE)]r+s [(fK)]r [(fF')Is 

w (aw) + r + s 

X 
i 

F v (b,) + r; 
(bI8) 

+ s x 

F 1?+ F c + 2r, (fF) + r;c' +2s, (fp) 

X 

P (Ap) 
X F |2 + q c + r-1,-r, (Bq); c' + s-1,-s, (Bq') 

w + D (aw), (4d)D. 
u + v (cu), (b,); (cu'), (b1)_ 
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To prove (15) equate the coefficients of 

[(aA)]M+N[(bB)]M[(bB')]N M N 

[1]M M1N [(eE)]M [(eE )]N 

on both the sides and then put M + r = m, N + s = n after writing the series 
definition for the Kampe de Feriet's function. We then get 

1 = [h + aMI[h' + ON] 
00 (0 00 f 

)r+,s[(fF) + 
M + NIp+Q+r+s?[(gG) + M + NIP+Q+r+, 

r=O s=O P=O Q=O [1]P [1]Q [1]r [1]s [(cc) + M + N]P+Q+r+8 

[(hH) + M]r+P [(hH') + NES+Q [1 + h + r(a - 1) 

X [(d) 
+ 

Matar+pj [1 + h' + 
s(3 

- 1) + 
NO3s+Q-j 

[(dD) + M]r+p [(dD') + N]O+Q 

Next, set r + P = T s + Q = U and change the order of summation. Then 
it is not difficult to see that the coefficient of the term independent of xy on the 
right-hand side is unity. It thus remains to show that the coefficient of xTyU on 
the right-hand side (T > 0, U > 0) vanish, i.e. 

T U ()r+8[1 + h + r(a -1) + M4T-l [1 + h' + s(j - 1) + N3]u-1 

o = Z =0 [1]r [1], [1]Tr [1C1_1 

which is a known result due to Chaundy [6]. It may be remarked that this result 
is a generalization of a result due to Chaundy [6] and contains as a special case a 
result due to Niblett [10]. 

To prove (16), equate the coefficients of 

[(aA)]M+N [(bB)]M [(bB')]N M N 

[1]M [1]N [(CC)]M+N [(dD)]M [(dD)]N 

on both the sides and then using the series definition of the Kamp6 de Feriet's 
function and setting r + m = P and s + n = Q, we get that 

M N = [QYP)]M+NA(5')]M [(6a')]N E [(CZ)]P+Q [(I3V)]P [O3VI)]Q P Q 

[(ag)]M+N [(O3v)]M [(O~v )N P=? Q=O [(,yP)]P+Q [(00)P [(6a )]Q 

P Q _ r+8+M+N l 

Xr=O 8=0 [1]r-M [1]S_ N [11P_ r [11Q-SJ 

Using a lemma due to Chaundy, we find that for P = M; s- Q the double series 
in the crooked brackets is equal to 1 and for P > s, Q > N its value is zero and 
hence the result is established. 

This result incorporates as special case some of the results due to Chaundy 
(Eqs. (8), (9), (10) and (11) of [5]) and for y = = 0 this reduces to a result 
due to Jerry L. Fields and Jet Wimp which in turn contains a large number of 
other expansions as special cases. 

To prove (17), equate the coefficient of 

[(aA) IM+N [(bB) IM[(bB) N 
[1]M [1]N [(CC)]M+N [(dD)]M [(dD')]N 
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on both the sides, then use the series definition of the Kampe de Feriet's function 
and use the second lemma of Chaundy [5], after setting P + r = m and Q + s = n 
to get the desired result. 

This result also contains as a special case some of the expansions due to Chaundy 
[5] and reduces for y = 4 = 0 to a result due to Jerry L. Fields and Jet Wimp [7]. 

The proof of (18) can be developed on exactly similar lines. This result also 
gives as special cases some known expansions due to Fields and Wimp. 

4. In this section we shall extend the results deduced in the previous sections 
to G-functions of two variables. Agarwal [1] defined a G-function of two variables 
through a Barnes contour integral in the form 

G n,1P1,2,m1,m2 F X ( yt); ( 3tq) d Gpst~slq Y (6s) 

ioo too 

1 D @( + 0*)(t, O1Xt y' do dry, 
4-r2 io0 ioo 

where 

( 7) [(im,) -, (ivn) + (, (i4n2) -/, (712) + 1 ] 

1(lm,+i,,q) + ,1-(YP11t ,1 -(32+1,q)- ,1-("?,t-?J 

+ = " [ GEnI)t? /+ () + 
+ +7l, 

and 0 < ml ? q, 0 ? m2 ? q, 0 < pi < t, 0 < '2 < t) 0 < n _ p. The sequence 
of parameters (3m),)()n2), (v),('2) and(En) are such that none of the poles of 
the integrand coincide. The paths of integration are indented, if necessary, in such 
a manner that all the poles of Y[fj- ], j = 1, 2, ... , ml, and r[fk' -7], k = 

1, 2, M, 2 lie to the right and those of y[3'+ r 
j = 1, 2, ., v2; Y + 

to 

K = 1, 2,, P and'[1 - Ej + + n], j = 1, 2, ** *,nlie to the left of the 
imaginary axis. 

The integral (19) converges if 

p + q + s + t < 2(nl + pi + n), 

p + q + s + t < 2(m2 + 12+ n), 

and 

Iargx I < 7r(ml + + n - M[p + q + s+ t]), 

| argy I < 7r(m2 + P2 + n - M[p + q + s + t]). 

Now using the technique of Laplace transform and its inverse as used for the 
functions of one variable by Luke and Wimp [8] and by the author for obtaining 
general expansions of G-functions of Meijer [9], one can also write the extension to 
G-functions of all the results deduced in this paper. For instance, one can gen- 
eralise (10) in the form 
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[ (a+P) 1 
Gt,;+,+U,,w |x (/3v+q); (v'+q) I GA+PV+qT+l |8 

(-Yp) 

[ 
0n(an); 0, ( a') 

[ (a,,?P)1 
I0 ,+t+lvP+u+vI ,w X ax 3 +q); a, (13p+q) 1 

res ulr srde to (10) L (yp), a I. 

The proof of this result is furnished by mathematical induction and for t = u = 

p = q = 0, v = w = 1 this reduces to (10) on using the equation (iii) of ?3 and 
(A) of ?4 of Agarwal [1]. 

Similarly all the other results can be extended to G-functions of two variables. 
These extended results were given earlier by Meijer [9], Luke and Wimp [8] and 
others. 
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